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Random Walks in Random Environment (R.W. R.E.) are basic p rocesses in random m edia. The one dimensional 
case w i th nearest neighbor jumps, intro duce d bvlSolomonI 197^ . was first studied bv lKesten et alJ 197fij . lsinail 
|l982l |. IGoIosovI |l984l |. Ifiolosovl |198(ij and iKestenI |l98(ij all these works show the diversity of the possible 
behaviors of such walk s dep ending on hypothesis assumed for the environment. 



. At the end of the eighties 

IPeheuvels and R.eveszl |l98fil | and iReveszl |l989j give the first almost sure behavior of the R.W.R.E. in the 
recurrent case. Then we have to wait until the middle of the nineties to se e new results. An important part 
of these new results concern s the pro blem of large dev iations fir st studied bvlGreven a.nd Hollander fl994l and 
then bvlZeitouni and Gantert [1998y]. IPisztora and Povel [199a]. IZeitonni et a,].l |l99flj and .Comets et al. 2000J 
fsee IZeit ounil l20Q ll for a r eview). In the sam e per i od using the stoch astic calculus for the r ecurrent case lShil 
[l998l,'Hu and Shi' fl998aVHu and Shi' f l998bl |. lHi3 |2nonaj . lHi3 |2000bl | and lHu and siiil [2£)00i follow the works 
of Sch um acher ^_L9.85J and Brox 19_8fiJ to give very precise results on the random walk and its l ocal time (see 
Ism l2ooil for an introduction) . Mor eover recent results on th e problem of aging are given in IPembo et all 
f200l |. on the moderate deviations in lComets and Popovl 200.^ for the recurrent case, and on the local time 
in Gantert and Shi [20fl3 | for the transierit case . In parallel to a ll these result s a continuou s time model ha s 
been studied, s ee for example |§chumacheil 198,'tII and 
iTanakal |l997l |. iTanaka and Kawazul |l997l |. lMathieul \ 



Broxlll98fill. the work s of lTanakal [l99^ . iMathieul |l99,'il |. 
'98j and lTalebl [200 j |. 

Since the beginning of the eighties the dehcate case of R.W.R . E in dimension l arger than 2 has been st udied 
a lot, see for examnle iKalikowl |l98lj. lAnshelevich eHil |l982j. IPurrettl |l98fij. iRouchand e| Il987l and 
iBricmont and Kup iainenI Il99lll. For recent reviews (before 2002) on this topics see the papers of Sznitman 1999l 
and,Zeitouni ^2001j . See also lSznitman | .200,1 |. .Varadhan. | .200,1 |. .R,assoul-Agha,, ^2003j and .Comets and Zeitounil 
I2OO4 
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In this paper we are interested in Sinai's walk i.e the one dimensional random walk in random environment 
with three con ditions on the random environment: two necessaries hypothesis to get a recurrent process (see 
which is not a simple random walk and an hypothesis of regularity which allows us to have a 
good control on the fluctuations of the random environment. 

The asymptotic behavior of such walk was discovered by ISinail |l982j . he showed that this process is sub- 
diffusive and that at time n it is localized in the neighborhood of a well defined point of the lattice. This 
point of localization is a random variable depending on ly o n the random e nvironment and n, its explicit limit 
distribution was given, independently, bv lKestenI \l9H^ and lGolosovl |l98(j . 

Here we give an alternative proof of Sinai's results under a weaker hypothesis. First we recall an elementary 
method proving that for a given instant n Sinai's walk is trapped in a basic valley denoted {MQ,mo,Mo} 
depending only on n and on a realization of the environment. Then we give a proof of the localization, this 
proof is based on an analysis of the return time to rho. We get a stronger result than Sinai : we find that a 
size of the neighborhood of the localization depends on n like (log2 ?T.)^/^(logn)'^/^ instead of (S(logn)^ found 
by Sinai. Moreover we compute the rates of the convergence of the probabilities (for the random walk and the 
random environment) . Our method is based on the classification of the valleys obtained by ordered refinement 
of the basic valley {Mq, rho, Mq}. The properties of the valleys obtained by this operation are proved with some 
details. 



This paper is organized as follows. In section 2 we describe the model, we give some basic notions on the random 
environment and present the main results. In sectional we give the properties of the random environment needed 
in section 21 to prove the main results. In the Appendix we make the proof of the properties of the random 
environment. 



2 Description of the model and main results 
2.1 Sinai's random walk definition 

Let a = {ai,i S Z) be a sequence of i.i.d. random variables taking values in (0, 1) defined on the probability 
space (f2i, JFi, Q), this sequence will be called random environment. A random walk in random environment 
(denoted R.W.R.E.) {Xn,n G N) is a sequence of random variable taking value in Z, defined on (fi, J^, P) such 
that 

• for every fixed environment a, {X„,n G N) is a Markov chain with the following transition probabilities, for 
alH e Z 

(2.1) P"[X„-i + l|X„_i =i] =a„ 

We denote by {^2,^2,^°') the probability space associated to this Markov chain. 
. = fii X f72, VAi e Ti and VA2 € T2, P [^1 x A2] - /^^ Q{dwi) P^^^'iHdwz). 

The probability measure P" [■\Xq ~ a] will be denoted P" [.], the expectation associated to P": E", and the 
expectation associated to Q: Eq. 

Now we introduce the hypothesis we use in all this work. Denoting (e^ — log[(l — ai)/ai\,i G Z), the two 
following hypothesis are the necessaries hypothesis 

(2.2) Eq [eo] = 0, 



(2.3) Eq [efi] = > 0. 

ISolomonI [iQTfij shows that under |221 the process (X„,n e N) is P almost surely null recurrent and 12.^^1 implies 
that the model is not reduced to the simple random walk. In addition to 12.21 and 12. ^il we will consider the 
following hypothesis of regularity, there exists k+ G M!j_ such that for all k £]0, k+[ 

(2.4) Eq [e'''"] < C30 and Eq [e"''"''] 
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We call Sinai's random walk the random walk in random environment previously defined with the three hy- 
pothesis O O and O 

Notice that Y. Sinai used the stronger hypothesis : 

(2.5) OfQ > const > 0, 1 — ao > const > 0. 

The random potential and the valleys 

Definition 2.1. The random potential {Sk, fc G M) associated to the random environment a is defined by 



^l<i<k ^i' k — 1,2, ■ ■ ■ , 



for the other k e M\Z, {Sk,k) is defined by linear interpolation, and Sq = 0. We denote {S",t G M) the 
normalized potential associated to {Sk, fc € Z) 

(2.6) SJ^ = keZ. 

Definition 2.2. We will say that the triplet {M',m, M"} is a valley if 

(2.7) SI, = „max ^f, 

M'<t<m 

(2.8) Sl„ - max_ S^, 

m<t<M" 

(2.9) S'"^, = min S*," . 

M'<t<M" 

If fh is not unique, we choose the one with the smallest absolute value. 

Definition 2.3. We will call depth of the valley {M',m, M"} and we will denote d{[M' ,M"]) the quantity 

(2.10) uAn{Sl,-ffl,Sl„-Sl,). 
Now we define the operation of refinement. 

Definition 2.4. Let {M',fh,M"} be a valley. Let Mi and fhi be such that fn < Mi < rhi < M" and 

(2.11) SI -Sl,^ = max _ (5? - 5?,)- 

We say that the couple (Mi, mi) is obtained by a right refinement of {M',™, M"}. If the couple (mi. Mi) is 
not unique, we will take the ones such that mi and Mi have the smallest absolute value. In a similar way we 
define the left refinement operation. 

In all this work, we denote log^ with p > 2 the p iterated logarithm and we assume that n is large enough such 
that logpTi is positive. Let 7 > a free parameter, denoting 7(n) = (7log2 n)(logn)~^ we define what we will 
call a valley containing and of depth larger than 1 + ^{n). 

Definition 2.5. For 7 > and n > 3, we say that a valley {M', m, M"} contains and is of depth larger than 
1 + 7(n) if and only if 

1. e [M',M"], 

2. d({M',M"}) > 1 + 7(71) , 

3. if m < 0, Sl^„ - max,^<t<o (5?) > l{n) , 
if m > 0, Sl^, - maxo<f<™ {S^) > 7(n) . 
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The basic valley {Mq, toq, Mq} 

We recall the notion of basic valleii, introdu ced by Y. Sinai and denoted here {Mq, mo, Mq}. The definition we 
give is inspired by the work of lKesteiil |l98fil |. First let {M', mp, M"} be the smallest valley that contains and 
of depth larger than 1 + 7(n). Here smallest means that if we construct, with the operation of refinement, other 
valleys in {M',mo,M"} such valleys will not satisfy one of the properties of Definition 12.51 Mq and Mq are 
defined from ttiq in the following way 
if rTiQ > 



sup <^ Z e Z_, I < mo, S'l 



>i+7H, 



max Su > 7(n) 



Mo - inf {I eZ+, l> mo, Sr - S^^ > 1 + 7(n)} . 

K = sup {/ e Z_, Z < mo, sr - > 1 + l{n)} , 
Mo - inf {leZ+, l> mo, - S"^^ > 1 + j{n), 



JTjax ^^ >7(n) 



(2.12) 
(2.13) 
If mo < 
(2.14) 
(2.15) 

If mo = 

(2.16) K = sup {/ e Z_, Z < 0, - S^^o > 1 + 7(")} , 

(2.17) Mo - inf {I e Z+, I > 0, SJ' - S'^,^ > 1 + j{n)} . 

One can ask himself if the basic valley exists, in the Appendix El we prove the following lemma : 

Lemma 2.6. Assume \2.'A\2.!A and \2.4[ for all j > there exists no = no(7, u, i?[|eoP]) such that for all n > no 

(2.18) Q [{Af^,mo,Mo} ^ 0] > 1 - (67log2 n)(logn)-i. 

Remark 2.7. In all this paper we use the same notation no for an integer that could change from fine to line. 
Moreover in the rest of the paper we do not always make exphcit the dependance on 7 of all those no even if 
Lemma [2. 61 is constantly used. 



2.2 Main results : localization phenomena 

The following result shows that Sinai's random walk is sub-diffusive : 

Proposition 2.8. There exists a strictly positive numerical constant h> 0, such that if \2.2\ and \2.tA hold and 
for all K e]0, K+[[^]/ioZrf, for all j > 2 there exists no = ^0(7) such that for all n > no, there exists Gn C fli 

with Q [Gn] >l-h ((logg n)(log2 n)-i)'/' 



ana 



(2.19) 



moreover 



sup 

aeG„ 



■II 

y [X^i [m'o,Mo]] 



< 



2 log2 n 
o-2(logn)T" 



(2.20) 



sup 

a6G„ 



U {Xm^ [-((T Mogn)2log2n,((7 Hogn)^\og2n]} 



.m=0 



< 



2 log2 
cr^ (log n) 



7-2- 



Remark 2.9. A weaker form of this result can be found in the paper of ISinail |l982l | (Lemma 3 page 261). 
The set Gn is called set of "good" environments. We will define it precisely in sectional This set is defined by 
collecting all the properties on the environment we need to prove our results. 

12.191 shows that Sinai's walk is trapped in the basic valley {Afo,mo,Mo} which is random, depending only on 
the random media and on n. More precisely, using [2201 with an overwhelming probability {Mo,too,Mo} is 
within an interval centered at the origin and of size 2{a~^ logn)^ logj n. In all this work h is a strictly positive 
numerical constant that can grow from line to line if needed. 
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The following remarkable result was proved by ISinail |l982j 



Theorem 2.10. Assum,e \2.?\ \2.,^ and \2.5[ for all e > and all S > there exists tiq = no(e, S) such that for 
all n > no, there exists C„ C fii with Q [C„] > 1 — e and 



(2.21) 



lim sup ^ 



Xr, 



log^ n 



mo 



> S 



= 0, 



mo = mo (log n) 

In this paper we improve Sinai's result in the following way, for all k e]0, k+[ we denote 7o = 7^ + 

Theorem 2.11. There exists a strictly positive numerical constant h > 0, such that if \2.'A and \2.'-A hold and for 
all K GjO, hold, for all 7 > 70 there exists tiq = ^0(7) such that for all n > no, there exists Gn C ^li 

with Q [G„] >l-h ((log3 n)(log2 n)-^)'^^ 



ana 



(2.22) 



sup 

aGG„ 



log n 



Too 



(log2 nf/'^ 
(log n)^/^ 



< 



4(log2n)^/^ 
crio(7logn)T-To ' 



mo = mo(logn) ^ and Q — (1600)^. 



Remark 2.12. This result shows that, for a given instant n sufficiently large, with a Q probability tending 
to one, Xn belongs to a neighborhood of the point mo with a probability tending to one. The size of this 
neighborhood is of order (logn)'^/^(log2 n)^/^ that is neghgible comparing to the typical range of Sinai's walk of 
order (logn)^. Moreover an estimate on the rates of the convergence of these probabilities are given but we did 
not try any attempts to optimize these rates. However if we look for an annealed result, that means a result in 
P probability, we get 



(2.23) 



log n 



mo 



(log2 n 



,9/2 



(log n) 1/2 



< 2h 



logjn 



1/2 



and the rate in (logg n)(log2 n)"^ cannot be improved to something like (logn)"" with a > without changing 
the size of the localization neighborhood. 

We recall that the explicit limit distribution of mo was given independently bv lKesteiil |l98(ij and lfiolosovl |l98(il |. 



2.3 Ideas of the proofs 

In this section we describe in detail the structure of the paper and give the main ideas of the proofs of Propositions 
12.81 and Theorem 12.111 For these proofs we need both arguments on the random environment and arguments 
on the random walk. 

Because of the technical aspect of the arguments on the environment, we summarize the needed results on the 
environment in section El and we have put the proofs of these results in the Appendix at the end of the paper. 
So assuming the results of section the proofs of the main results are limited to the arguments for the walk 
given in sectional 

Results on the random environment (section\^ First we describe the ordered chopping in valleys. According 
to this construction, based on the refinement operation, we get a set of valleys with the two following main 
properties : 1. the valleys of this set are ordered (in the sense of the depth) 2. the depth of these valleys 
decrease when they get close to mo. This construction is one of the important point to get estimations more 
precise than Sinai's ones, for the environment, and therefore for the walk. We have collected all the needed 
properties of the valleys in a definition (Definition I3.4|l . All the environments that satisfy this definition are 
called good environment and we get the set of good environment (called Gn , n is the time) . The longest part 
of this work will be to prove that Q[G„] satisfies the mentioned estimate, this is the purpose of the Appendix. 

Arguments for the walk (section^ 
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First we recall basic results on birth and death processes used all over the different proofs. We will always 
assume that the random environments belong to the set of good environments. 

The proof of Proposition 12 .81 is based on a basic argument: with an overwhelming probability, first the walk 
reach the bottom of the basic valley rho and then prefer returning n times to this point instead of climbing until 
the top of the valley {i.e reaching one of the points Mq or Mo)- Moreover, according to one of the properties 
of the good environments, the size of the basic valley max{\MQ\, \Mo\} < (cr"^ log n)^ log2 n. So we get the 
Proposition. We will see that to get this result we have used very few properties of the good environments. 

The proof of Theorem 12 .111 is based on the two following facts : Fact 1 With an overwhelming probability, 
the last return to toq before the instant n, occurs at an instant larger than n — qn. g„ is a function of n given 
by logg„ w ((logn)3/2(log2n)^/2)i/2^ p^^.^ 2 We use the same argument of the proof of Proposition 12.81 With 
an overwhelming probability, starting from rho with an amount of time n — {n — qn) = qn the walk is trapped 
in a valley of size of order (logqn)^ log2 qn ~ (logn)^/2(log2 nf^"^. This gives the Theorem. 
The hardest part is to prove Fact 1, for this we use both an analysis of the return time to mo (section and 
the ordered chopping in valleys. The main idea is to prove that for each scale of time larger than the walk 
will return to mo with an overwhelming probability. These scales of time are chosen as function of the depth 
of the ordered valleys, i.e for each scale of time corresponds a valleys. What we prove is that for each scale of 
time the walk can't be trapped in the corresponding valley. Indeed, starting from mo, if the walk has enough 
time to reach the bottom of a valley it has enough time to escape from it and therefore to return to toq • 

Arguments for the random environment (Appendix) While the proof of the results for the random environment 
are technical we give some details. This provide completeness to the present paper and shows the difficulties to 
work with the hvpothesis 12.41 



3 Good properties of a random environment 

In this section we present different notions for the environment that are used to prove the main results. We give 
a method to classify some valleys obtained from {MQ,mo,Mo} by the operation of refinement. To do this we 
need some basic result on {Mq^tjiq, Mq}. Then we define the set of the "good" environments, this set contains 
all the environments that satisfy the needed properties to prove the main results. 



3.1 Ordered chopping in valleys 

Proposition 3.1. There exists h > such that if \2.2l \2.fA and \2.4\ hold, for all j > there exists hq = hq (7) 
such that for all n > uq, we have 



Q 



Mo<{a 1 logn)2 log2 n >l-h ((logg n)(log2 n) ^) 



1/2 



(3.1) 

(3.2) Q[M^>-(a-ilogn)2log2n] > 1 - h {{\og,n){\og^n)-^Y^\ 

Before making a classification of the valleys we need to introduce the following notations, let 7 > and n > 3 



(3.3) 
(3.4) 



6„ = [(7)^/'(lognlog2n)3/2], 
kn = ((cr"Mogn)2log2 n)(6„)~\ 



where [a] is the integer part of a e M. Using 13.31 and 13.41 we construct a deterministic chopping of the interval 
(— (cr~^ logn)2 log2 n, (cr~^ logn)^ log2 n) into pieces of length 6„. Moreover we define : 



(3.5) 



In = Dcr^ log kn, D = 1000. 



We make the following construction, let us take {Mo,mo,Afo} as the initial valley (see Section [OJ. Let us 
denote Mq — {MQ,mQ} and Mq = {mo, Mo}. 

First we consider the first right refinement of the valley {Mo,?7io,Mo} we denote {Mi, mi} the couple of 
maximizer and minimizer obtained after this refinement, let us add this points to the set A^o to get A^o = 
{mo. Ml, TOi, Mo}. Now we consider the first refinement of {mo, Mi}, we get the couple {M2, m2} that we add 
to the set Mo and so on until we obtain the points {Mr,rhr} such that Afr-i — m-o > Inbn and Mr — mo < 



6 



Inbn- Prom this construction (see Figure we obtain a set of maximizer and minimizer (on the right of toq) 
Mo = ^ma,Mr,Thr,- ■ ■ ,Mi,mi, A/q}- 

In the same way we construct the set Mq by making equivalent refinement on the left of the valley {Mq, mo, Mq}. 
We make a first refinement that gives the points {rn']^, M(}, then we refine {M{,mo} and so on until we ob- 
tain {mJ,,,M^,} such that toq — M^,_^ > and TOq — M^, < bnln (we denote Mq this set of maximizer 
and minimizer on the left of mo)- Finally we get a set of maximizer and minimizer M = Mq U Mq = 
{M^,mi,M{,-- - ,M;,,mo,M„--- ,Mi,mi,Afo}. 

We will use the following notations, 



(3.6) 



If < i, j < r 
<5,„, = SI, - SI 



Mj 
en 



•J 
If ■ — 



Q7l 



If < j < r' 
5' 



on 



Qn 



■It,] 

ll' — c^'' 



cn Qn 



The beauty of the refinement is that we get immediately the following relations between the random variables 
defined in 13.61 



(3.7) 
(3.8) 



So,o > Sis > 

Sl,0 > ^2,1 > 



> Sr,r > 0, 

> Srfi > 0, 



in the same way 

(3.9) 
(3.10) 



'^0,0 > '^1.1 > 
'^1,0 > '^2,0 > 



and 



(3.11) 
(3.12) 



Vi, < « < r - 1, r]i^i+i > 0, 
Vz, < z < / - 1, 77^+1 > 0. 



We remark that the construction we made is possible if and only if mo — Mq > bnln and Mq — mg > Inbn, but 
this is true with probability very near one, indeed the following lemma will be proved in the Appendix IaI : 

Lemma 3.2. There exists h > such that if \ 2. 21 and \2.4\ hold, for all j > there exists hq = uq (7) such 
that for all n > no, we have 



(3.13) 
(3.14) 



Q Mq - mo > (log 7i)2 (650-2 ^^^^ ^yi > ^ _ /j ^(i^g^ ?i)(log2 n)-^) 



N-l\l/2 



Q 



mo - K > (logn)2(65a' logs > 1 - /i ((logg n)(log2 n)-^) 



1/2 



3.2 Definition of the set of good environments 

Before defining a good environment, we introduce the following random variables, let 7 > and n > 3, 

(3.15) M< - sup {m e Z, m < mo, S^ - S^„ > (log((7„(logn)'^)) (logn)"!} , 

M> = inf {m e Z, m > mo, ^."n " > (log(g„(logn)^)) (logn)-i} , 

where g„ = exp | ((200cr)27(log2 n)^/2(iog„)3/2^i/2|^ 

Remark 3.3. Proposition 12.81 shows that for the scale of time n, Sinai's walk is trapped in the basic valley 
{MQjrho^Mo}. In the same way we will prove that starting from mo with a scale of time Sinai's walk is 
trapped in the valley {M<, mo, My}. This argument will be used in the proof of Theorem 12. Ill 
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Now we can define what we call a good environment 

Definition 3.4. Let n > 3, k e]0, fc+[, 7 > and uj G fli, we will say that a = a{uj) is a good environment if 
the sequence (a^, i e Z) = {ai{uj), i € Z) satisfies the properties to 



^3.16) 


• 


The valley |A/g,mo,Mo| exists : 


^3.17) 




e [Mo,Mo], 


^3.18) 




Oo,o > 1 + 7("), (^0,0 > 1 + Tl"-), 


3.19] 




If Too > 0, - „ niax (-^m) ^ 

*' U<m<mo 


(3.20) 




if Too < 0, S'jg - inax (S";;,) > 


(""i 91 "1 

0.^ -L I 




j\//,<;<Mo 


(3.22) 




max ((A)"') < (logn)». 
jv/^<;<Mo 


(3.23) 


• 


A^o < (ct^^ logn)2 log2 n, -M'q < ( 


(3.24) 


• 


Af< > Too - L„, M> < Too + in 


(3.25) 


• 


r<2(logn)i/2(^log2n)-i/^ 


(3.26) 




/ . ^1/0. ,1/0 

/ < 2 (log 71) (^log^ n)-^/^. 




• 


For all < i < r - 1 


(3.27) 






(3.28) 




Si+i.t+i > 7("), 


(3.29) 




Mi+i.o > 7("-)- 




• 


For all < i < r' - 1 


(3.30) 






(3.31) 






(3.32) 




Ai'i+1,0 > 7(")- 


(3.33) 


• 


<5i,i < 1 - j{n), 


(3.34) 




<Sm<1-7(«)- 


(3.35) 


• 


(^r.r < (logg„)(logn)"\ 


(3.36) 




S'r'y < (logg«)(logn)"^ 



where L„ = (81og[(logn)^g„]CT ^) logj n and recaUing that (?„= exp { ((200(T)27(log2 n)7/2 (log n)3/2) } , 5 ^. , 
•^'..j ^■, ) ^'..) M.,. cind m' . f-re given bv l3.6l and ^fn) = f-r logo flog 
We define the set of good environments Gn as 

(3.37) Gn = {ijJ G ill, a(w) is a "good" environment } . 

Remark 3.5. We remark that a good environment a is such that the different random variables Mo,Mq,too, 
r, r' , (5. . , (5' , /i.^. and /i' that depends on a satisfy some properties in relation to deterministic parameters like 
n, 7, a and k. 

The properties 13. 1613.2(11 concern the existence of the basic valley {Mq, toq, Mq} with his main properties. 
The properties l3 . 2 II and 13 . 2 21 are technical properties due to the hvpothesis l2.4l There is no equivalent properties 
in Sinai's paper because the stronger hvpothesis 12.51 is used. 

13.231 (respectively ISSl give an upper bound of the distance between Mg and Mq (respectively M< and M>) 
and the origin (respectively to the random point toq). 

The properties from 13.251 to 13.361 concern the properties of the valleys obtained by the ordered chopping of 
{MQ,rho, Mq} effectuated in the previous paragraph. We remark that 13.251 and 13.261 give a deterministic upper 
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bound for the number of right (respectively left) refinement performed in the ordered chopping in valleys, these 
upper bounds depend on n. This n dependance that does not appear in Sinai's work comes from the fact that 
we perform a chopping in valleys in such a way that the successive valleys are nested and contain rho- This is 
a basic ingredient to get a result stronger than Sinai's one for the random walk itself. 

Proposition 3.6. There exists h > such that if \2.Sl hold and for all k £]0, hold, for all 7 > 0, 

there exists no = hq^k, 7) such that for all n > hq 

(3.38) Q [G„] >l~h ((log3 n)(log2 n)-')'^^ . 

Proof. 

The proof of this proposition is done in the AppendixEl In fact ng = 7t.o(k, 7, cr, E [|eo|^] , E [eq] , C), where C = 
Eq [e"^"] V Eg [e"'*'^"] but for simplicity we do not always make explicit the dependance on cr, k, E [|eoP] , E [cq] 
and C of no. ■ 



4 Proof of the main results (Proposition 12.81 and Theorem 12.111 ) 
4.1 Basic results for birth and death processes 

For completeness we recall some results of on inhomogeneous discrete time birth and death 

processes, we will always assume that a is fixed (denoted a € fii in this work). 
Let X, a and 6 in Z, a 7^ 6, suppose Xq — a, denote 



(4.1) U = 



inf{fceN*, Xk^b}, 
+00, if such a k not exists. 



Assume a < x < b, the two following lemmata can be found in lChnnj |l967l | (pages 73-76), their proof follow 
from the method of difference equations. 



Lemma 4.1. For all a G fii, we have 

(4.2) n [t: > rn 

(4.3) PS [T: < T,-] 



EL'a+iexp(logr.(gr->ga")) + l 
Eta+iexp(logn(5«-5j)) + l' 

Et.Vexp(logn(5r-^,"))+l 
Eta+iexp(logn(5r-5»))+l' 



Let us denote A the minimum between and Tj^ . 
Lemma 4.2. For all a G fli, we have 

(4.4) E:+, 1 A T^i] = ^^:^r'=' ' 



En+i^"(j,a) + l 

X—l x—l 



(4.5) Es [t: a ^ E^+i [t:+' a t{:+'] u + ^ ^"(j' «) - E E -^"(j' 



1 oti 

j— a+1 / /— a+1 j—l 



where Fn{j, I) = cxp (logn(S';' - S";")) . 

4.2 Proof of the sub-diffusive behavior (Proposition 12.81 ) 

Ideas of the proof First we prove that starting from the probability to hit mo before one of the points 
Mq — 1 or Mq + 1 goes to 1 flemma lT!^ and starting from rho the probability of staying in the interval [Mq, Mq] 
in a time n goes to 1 when n goes to infinity flemma fO|l . 

In this section we will always assume that mo < 0, (computations are the same for the other case). 
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Lemma 4.3. There exists h > such that if \2.S\ and \2..^ hold and for all k e]0, K^\ \2.4\ holds, for all^ > 2 there 

1 /2 

exists no = no(7, k) such that for all n > there exists Gn C fii with Q [Gn] > I — h ((log3 n)(log2 



and for all a ^ G 
(4.6) 



J mo — + 1 



< 



a-2(log2n)(logn)-^+2 + (n(logn)^) 



Proof. 

Assume 7 > 2, using lemma, ITTl we easily get that 



< 



TOO 



max (exp ( - logn(S'"> - S"") 

rio + l<'i<-l V V » ^ A/o * ^ 



Using Em and IS21 we get ESI ■ 

Remark 4.4. By hypothesis Mq < mg < therefore 



™o ^ M'-l 



= 0. 



Lemma 4.5. There exists h > such that it \2.'A and \2.rl\ hold and for all k g]0, K^\ \2.4\ holds, for aZZ 7 > 2 there 
exists no = rio(7,K) such that for all n > no there exists Gn C fli with Q [Gn] > I — h ((logg 7i)(log2 n)^^)^^^ 



such that for all a G Gn we have 
(4.7) 

moreover 
(4. 



> 1 - (logn)-"^. 



-[(o-^i logn)2 log2 n]-l [(ff-i logn)2 log2 n] + l 



Proof. 

For all i > 2, define 

(4.9) 

(4.10) 



^^^^ ^ r inf{fc > Ti_i, Xt = x}, 

f 00, if such k does not exist. 



inf{fc e N*, Xk ^ X with Xq = a;}, 
+00, if such k does not exist. 



We denote n = Tf^^ and r, = Tf-'^-TfJ^^, for all i > 2. Let n > 1, remark that r*o^™o = rf o^™" > 



n so 
(4.11) 

(4.12) 



A/0+1 



n 



rprho « T^mo \ ^ _mo^mo ^ 



> 



AI^-l a7o + 1 ^ 



1=1 

.rfio— >mo 



By the strong Markov property the random variables {ti,! < i < n) are i.i.d therefore 



(4.13) 



pa 
Too 



M'-l Mo + 1 » 



rpma^fha <^ y™o A 'T'TOo 

- a7^-i a7o+1 



Moreover it is easy to check that 



(4.14) 



rpfha^friQ ^ 7^™o A T^TOo 



-'TOo^TOo + l 



rpfha + l ^ rpmo + 1 
A/0 + 1 — ™o 



+ AnoIPmo-l 



Using IT^ and 1^.181 we get that there exists no = no(K,7) such that for all n > no and all a G G 



pa 



^lo°+i < ^^0^'] - in the same way F'i^^_, 

and 14.141 we get for n > no and ah a £ Gn 



rjiniQ — l ^ rpfha — 1 

M'-l ™o 



< „-(i+7(n)). Using this 



(4.15) 



rpfho A 'TiTOo , fy-iTOo— ►mo 

A/^-l a;/o + i 
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R enlacing 14.151 in 14.131 and nsing 1X121 and the fact (1 — a;)" > 1 — nx, for all < x < 1 and all n > 1 we get 
K7\ For|13|we use O and ESI ■ 
Proof (of Proposition [2T8|l. 

By the strong Markov property and remark ITU we get that 



(4.16) 



n 



.fc=0 



> 



rpmo « rpmo ^ 



Using Lemmata Ol and 1431 we get EH We get lOol using l219l and 1X231 



The next lemma will be used for the proof of Theorem 12. Ill 

Lemma 4.6. There exists h > 0, such that if \2.'A and \2.S\ hold and for all k e]0, K^\ \2.4\ holds, for aZ/ 7 > 2 there 

exists no = rio(7, k) such that for all n > uq there exists Gn C ili with Q [Gn] > I ~ h ((log3 n)(log2 
and for all a G G„ we have 

(4-17) [T^U. ^ ^^Vl„ > In] > 1 - (logn)-^ , 

where Ln and qn are given at the end of Definition \3.4\ 

Proof. 

Using what we did to prove Lemma l4!5l replacing Mq by M> and Mq by M< fsee l3.15l for the definitions of M> 
and My), we easily get this lemma. ■ 



4.3 Analysis of the return time 7"™°^™° 

It is easy to check that E^^^ j^jimo-^moj _ ^ Q.a.s, however we will need an upper bound for the probability 
pa ^ [T*""*™" > k] with k>0. We denote a V 6 = max(a, b). 

Lemma 4.7. For all a G fli and all n > 1, we have for all i, < i < r 

' / - ~ \ 2" 



AIi + 1 



< n.„(«.+i..+i-';..»+i)vo 



(4.18) E^^+i 

with Di = Di{a, n) — \Mi — ?fio|^ (™ax^no<i<Mi (ot)) ' ^^'^ '^^^ — * — ^' 
(4.19) 



-•fho-l 



rpniQ — l A rprno — 1 
™0 M'-l 



with D[ = D[{a,n) = |M/ - rhaf (max^^,<;<,^i(, (/|-)) • See\^for the definitions of ri[^^-^, ViA+i 
and 6i+i.i+i, recalling that r and r' are (respectively) the number of right (respectively left) refinement (see 
section \,y.l\) . 

Proof. 

We only nrove ETsl f the proof of l4.19l is identical). It is easy to check, with the method of difference equations, 



(4.20) 

with 
(4.21) 



( rpmo A rpmo \ 
y-^fno + l ^A% + l) 



Z^l=mo + l A^j=mo + l ai ^"Ui'^ 



Ef=m„ + lP'n{j,rho) + l 



^mo " + 1 



ui is given bv 14.51 and F„(.,.) at the end of Lemma IT2I First we give an upper bound of 14.211 Denoting 

= Ci(a,n) = max^^<,<^^. (^^^ (M^ - fhof it is easy to check that m <Ci{l + Yl^Jmo+i Fnij,rho)j . 
have 



We 



Mi 



(4.22) 



Mi 



l=mo + l j=mo+l 



z— mg +1 
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Now let us consider the first refinement of {rho,AIi}, denote m^+i the minimizer obtained and Mi+i the 
maximizer, it is easy to check (see Figure |2l that 



Mi I 

(4-23) E E 

i=rho + l j"=mo + l 



ai 



Fn(J,l)< 7i inax_ 

^ mo<l<Mi 



J_ \ „(5i.o)V(,5i + i,o+5i+i.i+i) 



where (5.^. is given in 13.61 Using IT22I and 14.231 we get 



Mi 



(4.24) 



E E 

;=mo + l i=mo + l 



2ui - 1 



i^n(i,0 < A X „('5.,o)v(5.+i,o+5.+i..+i)^ 



where A = A(a,n) = |M, - toqI^ (max,~„o<;<Af. (^) 



Moreover it is easy to check that J2j=mo+i Fn{j,'rho) > n^^-", replacing this and 14.241 in 14.201 and noticing that 
(Si+1,0 - f^i^o = -'7i,i+i we getEHHI ■ 



Proposition 4.8. For all a G fli , n > 1 and q > we have, for all i, < i < r 
(4.25) P;|,„+i [r™"+i >q]< {D,n 

with Di — \Mi — mol^ (™a^mo<i<A/i (ot)) ' '^'^'^ Z^*" all i, < i < r' 



(4.26) 



wii/i Z?- = |Af,- - mo|^ (maxjQ^,<;<^^ 1^^^^ . SeeU^for the definitions 0/77,- 771,^+1 and (5i+i,i+i, 
recalling that r and r' are (respectively) the number of right (respectively left) refinement (see section JS~l]} . 

Remark 4.9. 14.251 does not imply that PJI.o+i [T^^°^^ > q] is sumable on q, indeed on the right hand side of 
I4.25L "n~^'-°" does not depend on q. 



Proof (of Proposition l478|> . 

Let us estimate P^^+i > g] , let < z < r, we have 



(4.27) 



a + 1 ^ „1 < pa 



rprho + 1 A rpnio + l ^ 
■mo M, + l ^ 



rprho + 1 
rna 



^ rpmo + 1 
M,+l 



Using island recalling that 6i^o — S'^-j, — we get ^fno+i 
inequality we have PJ^^^+i [r*°+i A r™°+; > " ^ 
use 14.181 (similar computations give 14.2611 . ■ 



mo + l 



mo 



iino + l 



Mi + l 



^ I ^mo + l 



rjima + l . rrimo + l 
mo A/,+1 



< n Moreover, by Markov 

21 

g^'^ To end the proof we 



4.4 Proof of Theorem lOTI 

The sketch of the proof is the following we prove (with a probability very near one) that {Xk)i<k<n hit mo in 
a time smaller than n. Then we show that it does not exist an instant 1 < fc < n — {q{n) is given at the 
end of Definition 13.411 such that the R.W.R.E. will not return to rho fPronosition I4.1fl|l . Finally we prove that 
starting from rho, in a time smaller than n — [n ~ qn) ~ qn the R.W.R.E. can not escape from a region which 
size is of order (logg„)^ (Proposition 14. l4ll . 

First we introduce the next event, let rt > 1 and 1 <q <n 

(4.28) Aq^ U {Xk=mo}. 

n—q<.k<.n 
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Let 5q > 0, we have 



(4.29) 



(l0gn)2 



mo 



> 5a 



< 



(logn)2 



mo 



> 5q, Aq 



Now we estimate each probability of the right hand side of l4.29l in Propositions 14.101 and 14.141 

Proposition 4.10. There exists h > such that if \2.S\ and \2.S\ hold and for all k €]0, k+[ holds, for all 
7 > 12/k + 21/2 there exists hq = 710(7, k) such that for all n > no there exists Gn C fii with Q[Gn] > 

1 /2 

1 — /i ((logg n)/(log2 n)) and for all a £ Gn 



(4.30) 



^0 KJ < 



2(log2n)9/2 



q^l - (■^-)l/2(log„)7-(12/K+21/2) 

qn is given at the end of Definition \3.4\ 
Proof. 

First we remark that for all n > 1 and all 1 < g < n 



(log2)' 



(logn)'y-(6/«+4) 



(4.31) 



^0 



< 



'0 >"]+Po"[-4^, Tt,<n] . 



We estimate each term of the right hand side of 14.311 the first one in Lemma f4. Ill and the second in Lemma 
HT2I 



Lemma 4.11. There exists h > such that i f\2.^^ and \2.'-i\ hold and for all n e]0, K^\ \2.4\ holds, for allj> f +4, 

1 /2 

there exists n[ = n[ (k, 7) such that for all n > n'l there exists G„ C fli with Q [Gn] > 1 — h ((logg n) / (log2 n)) ' 
and for all a G G„, we have 



(4.32) 



Proof. 



>n]< 



5 (logs nf 



f74(logn)T-(^+4) 



Let us consider the valley {Mq, mo, A^o}, we assume mo > (computations are similar if mo < 0). We have 



(4.33) 



For the second probability on the right hand side of 14. 331 we have already see f lemme l¥!3)l that for all 7 > 2 
there exists ni = ni{K,-f) such that for all n > ni and all a £ Gn 



(4.34) 



Tl,_, < r9„ < log2 n(logn)-^+^ 



For the first probability on the right hand side of 14. 331 we have by the Markov inequality 



(4.35) 



T- AT- > n 



< 



To compute the mean in 14.351 we use lemma BT^ it is easy to check that : 

rfiQ — l mo — 1 



(4.36) 



l=M' 3=1 



ai 



where F„(j,Z) — cxp (logn(S'" — '5'J*))- Let us consider the first refinement of {Mg,mo}, it gives the point M[ 
(for the maximizer) and rh\ (for the minimizer), so we get 



mo — 1 mo — 1 



(4.37) 



E E -Fn{],l) < Gon^^'S 
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where 5^^ = S^^,^ - S^,^ and Co = Co{a, n) = (M^ - m^f max^-,,<;<,-„^ (^) . Using EHUIIHi and EHU we get 



(4.38) 



T? A T° > r? 



Using formulas VA.'IW and we get that for all 7 > f +4, there exists 712 = ^2(7) such that for all n > 712 

and a G Gn 



(4.39) 



T~ A T° > r? 



< 



(21og2 n)^ 
(T4(logn)^-(5+4)' 

We get IO2I using 03l IT3l and and taking n[ = 711 V 712. ■ 

Lemma 4.12. There exists h > 0, such that if \2.S\ and \2.S\ hold and for all k g]0, k~^ \ \2.4\ holds, for all 
7 > 12/k + 21/2 there exists hq = 719(7, k) such that for all n > no there exists Gn C ili with Q[Gn] > 

1 /2 

I — h ((logg ?^)(log2 7^)^^) and for all a £ Gn 

3(log2n)9/2 



(4.40) 



^0 K., Tl,<n] < 



h O 

12 I 21 ^ I 



aiO(7)i/2(logn)^-(^+*) 
g„ is ^wen at the end of definition\3.4\ 



(log7l)'y-l/2(log2 7^)1/2 



Proof. 

We recall that for all 1 < g < rt we have denoted Ag = r]n-q<k<n i-^k 7^ "^o}- Denoting 



(4.41) 



U {{Xp^rho} fl {X„,^rho}\, 



l<p<n—q— 1 



m—p-\'l 



we remark that {A^^ T?^^ < ^} C A^. Therefore we only have to give an upper bound of Pg^ [A^] , by the Markov 
property we have 



(4.42) 

Using the change k = n — p, we get 
(4.43) 



l<p<n— g— 1 



n—p 



Pi { X,n 7^ mo} 



[Xp = ?7lo] . 



q+l<k<n-l 



Pi { Xm ^ mo} 



E [r""-"" > fc] 

(}+l<fc<n-l 



Remark 4.13. We recall that R.W.R.E. is null recurrent P.a.s, so for the moment, we can't say anything on 

q+l<k<n-l ^Jfio ^ fi-J • 

First let us decompose the sum in 14.431 
(4.44) 



(4.45) 



q+l<k<n-l q<k<n-2 



g<fc<n-2 



Let us give an upper bound to the sum on the right hand side of 14.441 We want to find q as small as possible 
but such that this sum goes to 0. For this we use step by step the inequality 14.251 to P^^+i [T^°~^^ > k\ : we 
have 



(4.46) 
(4.47) 



E PJ^„+i > fc] = E P^o+i K""' > ^] 

[n'^^-'-] + l<k<n-2 fc^fn-'iaj + l 

+ E E n.,+i[TZ^'>k] 



14 



For the sum on the right hand side of 14. 461 by inequality (taking « = 0) we have 



n-2 



(4.48) E ^lATtr>k] < E 

fe^ln-^LiJ + l i] + l 

(4.49) < " ' ^° 



vo 



where I?o = l^o — wqI^ (™^^'^rfiQ<i<MQ (a?)) ' -^^^ other terms (1 < i < ?- — 1) of the sum in 14.471 using 
the inenualitv 14.251 we have 

(4.50) E ^-^.,dTir>k] < + E fc. 

fc=[n''' + i." + i] + l + + l 

4.51) < + , 

where we have used that Si^ — Si^i = ^.i^ and = |Mi — mo|^ (™^-'^rfio<i<M (ot)) ' ^'^^ sum 14.471 we 

get from USB that 



«=1 fe=[n''« + i.« + i] + l *=1 *=1 

(4 53) < '^-l t (^"l)-Po 

^ ' ' — ^mini<i<r_i(/ii,o) jjmini<i<r_i((5i-|-i,i-|-iA))i,i+i) ■ 

and we have used that Di is decreasing in i. Collecting the terms 11^531 and we get 

n r — 1 rDo 



(4.54) J2 c.^rHSl,+^[T^^:+'>k] < 



[„*r.r] + i<j,<„_2 

Now using the good nronerties ITTsl lOTl IT281 l3?29l 1^231 and we easily get that for all 7 > + ^, 

there exist ni such that for all n > ni, a G Gn, 

(4.55) y «™oIP:^o+i[Tr+^>fc-l] < Hllog^nf/^ 

Finally, using 13.351 and therefore choosing q = [q„], where g„ is given at the end of Definition 13.41 we get that 
for all 7 > ^ + ^, n > ni and a £ Gn 

(4.56) Yl "*oip?n„+i > fc] < E «^oipr.o+i > ^] 

q=[q„]<k<n-2 q=[n*'-.'-] + l<fe<n-2 

3(log2n)9/2 



o-io(^)i/2(iogn)')'-(^+f ) 



(4.57) < 

Making similar computation for the sum on the right hand side of 14.451 one get the same upper bound with 
q = [qn]- Using these estimates. 14.451 li.44l 14.431 and the fact {A'^^^T^^ < ^^} C we get the lemma taking 
q = [qn] and n" = ni. ■ 

We get Proposition 14. 101 collecting the results of Lemmata l4.11l 11.121 using ITMl and taking rig — n[ V n" and 
q=[qn]- ■ 



Proposition 4.14. There exists h > 0, such that if \2.S\ and \2.^ hold and for all k gjO, k+[ \2.4\ holds, for 
all J > there exists no = ^0(7, k) such that for all n > uq there exists Gn C fii with Q[Gn] > 1 — 

1/2 

h ((log3 n)(log2 n)~^^ and for all a G G„ 
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(4.58) 



(logn)2 



mo 



> (5 A 



< 



(log 7l)l 



(5g„ = L„(log7i) ^, (7„ and L„ are given at the of definition \3.4\ 
Proof. 

Let us introduce the following stopping time Tmo (?) = inf {Z > n — q, Xi = ifio}. We remark that Aq n — q< 
Tmo{q) < n. Taking q = [(?„], by the strong Markov property we have 



(4.59) 



(logn)2 
Therefore we get 
(4.60) P 



mo 



X„ 



(logn)2 



mo 



V p'^ 

Z=n-[g„] 



(logn)2 



mo 



>5, 



qn 



<2n 



(4.61) 



< 



< 9n] 



Using Lemma l4!6l we getl47F 
Now we end the proof of theorem 12. Ill 

Assume 1221 EH hold, let k e]0, k+[ such that EH hold, let us denote 70 = ^ + ^, let 7 > 70. Taking q = [qn] 
and 5q = Ln(logn)~^ in 14.291 we obtain from Propositions 14.1(11 and WT^ that there exists ni = 711(^,7) such 
that for all n > ni and all a G G„ 



(4.62) 



(logn) 



mo 



><5, 



9n 



< 



3(log2n)9/2 



f^l0(^)l/2(log„)7-70 



+ 



1 



(logn)'r-(6/'^+4) 



Moreover we remark that one can find n2 > ni such that for all n > ^2 we have 5q^ = L„(logn) ^ < 
7(1600)2(log2n)9/2(logn)-i/2. ■ 

APPENDIX 

A Proof of the good properties for the environment (Proposition l3T6|) 



In all this section we will use standard facts on sums of i.i.d. random variables, these results are summarized 
in the Section B of this appendix. 



Elementary results on the basic valley {Mo,mo,Mo} 
We introduce the following stopping times, for a > 0, 



(A.l) 
(A.2) 



I +00, it such a m does not exist. 

u- ^ u-isf,j €N)=\ f ^ . ^ 

I +00, it such a m does not exist. 



Proof of lemma [2 .61 To prove this lemma it is enough to prove that the valley {C^i+^(„), satisfies 
the three properties of Definition 12 . 51 with a probability very near 1. Let n e]0, and 7 > 0. By definition of 

Ui+'^(n) and U+., {U. 



1+7(ti) "^"^ l+7(n)' l-^l+7(n)' '^l+7(n) 

the third property. Assume m > 0, we remark that S"^ 
moreover maxo<t<m (5") < 1 + j{n) . Therefore 



, C/]^^(„)} satisfies the two first properties of Definition 12.51 We are left with 

- maxo<t<m (S*") < 7(n) ^ maxo<t<m (ST) > 1 



(A.3) 



Q 



max (5t") < 7(n) 



< Q 



1< max (Sr)<l+7(") 

0<t<m 
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Using lR32l and Lemma lRll it is easy to prove that there exists ni = 711(7,0-, E [|eoP]) such that for all n > ni 

1 



(A.4) 



Q[S-<~^{n)]>l-^-^ 
logn 



7 + 



logan 



Let us denote ^ = {1 < niaxo<t<m (S"") < 1+ 7(71), Sl~^ < -7(71)}, hv lA.3l a,nd lA.4l we have 



(A.5) Q 
Let us define 
(A.6) 



l+-i(n) 0<t<m 



max (S*,") < l{n) 



<Q[A] 



log 77, 



7 + 



\0g2n 



inf{77.eN*, ^;;,e [l,l + 7(n)]} , 
+00, if such m does not exist. 



Denote A' - Uj>m/,(„, < "TW, nLvi/,(„,+i {^fc < I + 7W}}, we have ^ c ^' so Q [A] < Q [A']. 
Making a partition on the values of VKy(„), using that {W,7(n) = r} {S^ G [1,1 + 7(«)]} and the strong 
Markov property we get 



(A.7) Q[A'] < sup (q 

l-7(n)<2;<l ^ 



+00 „i+-),(„) 



E 



(A.8) 



< Q 



27(n) 



Using lemma IrH we get that there exists 772 = 772(cr,E[|eoP]) such that for all n > n2 



(A.9) 



Q 



< 



2 log2 n 

log 77 



7 + 



log2 77 



Collecting what we did above and taking tiq = ?7i V 772 we get the lemma. ■ 
Proof of proposition 

Let us prove noticing that Mq < U^^^^^y and using rema,rk lB.32[ for all G > we get 



(A.IO) Q 



Mq > (fJ ^ log 77)^ log2 77 
1/2 



< 



K+^in) ^Ua> i<y-' log 77)2 ^ Q > jj^^ 



Taking G — ^ with hi > and using IB. fsl we get that there exists 771 = ni(/7i,cr,Eg [|eo|^]) such 

that for all n > ni 



(A.ll) 



hi 



log, n 



where qi < 0.7. Choosing correctly the numerical constant hi we get for all n > ni: 

1 



(A.12) 



Q ^r+7(n) A C/g > (ct log 77)^ l0g2 77 



< 



log2n 



Taking D = log 77 in IB. 191 we get for all n > ni 



(A.13) 



l+7(n) — G 



^ 1 , ,o/ (l0g2»)^/^ A 

- G \ \ogn ) 



Using IXTol IXT2I r03l and the expression of G we get 13.11 the proof of 13. 21 is similar. 

We recall that for all k e]0, k+[, C = C{k) = Eq [e'^^°] V Eq [e-''^°] < +00. 
Proof of lemma l3.2L Denote 

(A.14) ^0 = [Mo > (0-"M0g77)2l0g2 77,M^ < -((T"Mog77)2log2 77| . 
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Let Un — [((logn)^)(65o'^(log2 n)) ^] + 1 and Vn a sequence such that Un x — [{a ^ logn)^ log2 n] + 1. Using 



Kill we know that there exists jiq = jiq ^e,tT, Eg 



such that for all n > 



(A.15) 



Q 



Mq — Too < u,i 



< 



Mq - Too < w„, ^0 



+ h 



logan 



1/2 



We recall that, in all this work, h is a strictly positive numerical constant that can grow from line to line if 
needed. Let us denote Bn^a = {— [(^"^ logn)^ log2 n] — 1, [{a^^ logn)^ logj n], - ■ ■ , [{a~^ logn)^ log2 n] + 1}, by 



definition Sj^^^ — Sm^ > logn, so 



(A.16) 



Mo - Too < Un, Ao 



< 



max max max ( | S"/ — Sj | ) > log n 



Making similar computations to the ones did in the proof of lB.4l we get that there exists m = ni(cr, C, k) such 
that for all n > m, 



(A.17) 



Q 



max max max ( | S*; — S*-/ 1 ) > log n 



< 



4 log2 n 



cr2 (logn) 1/33' 

usmg IXT51 IXTfil IXT51 and taking uq — ngV ni we get 13.131 Similar computations give 13.141 

The following result is essential to the proof of the other good properties. 

Minimal distance between the two points of one refinement (property I3.25j> 



Lemma A.l. There exists h>0 such that if \2.'AWJJ\ hold and for all k gjO, k^\ \2.4\ holds, for all j > there 
exists no = no(fT, k,E [|eoP] such that for all n> uq 



(A.18) 
(A.19) 



r 

|j{Af;-TO^<6„} 



< h 



logs" 
log2n 



1/2 



U{m.-to.<.„} <h('^\'\o(-^^ 



O 



l0g2" 

(logn) 1/33 



logjn 



/33 



bn is given in \,^.S[ M', to' M, and rh, have been defined Section J^~l\ 

Remark A. 2. This lemma shows that the distance between two points obtained by the operation of refinement 
is larger than 5„. 

Proof. 

Let K e]0, and 7 > 0. Reca,lling l3.4l and 13.51 let us denote 



r 

(A.20) ^1 = U {m; - to', < 6„} 

i=l 

[fc„] + l [fc„] + l , 

(A.21) ^2= M M 

^ ^ I (l+l)b„ 



max {Sz — Sw) < max max {Sy — Su) 

<w<z<jbn lbn<7n<(j+l)bn m<u<v<m+b„ 



Denoting 



ting Ci = n;LoUl="i|fcl]_i e [Z6„, {I + 1)&„]} and = Uti Ult"i|,L]-i {^^/ " ^'^ ^ ^^-1 ^ 
[Z6„, (Z + 1)6„]|, it is clear that {Ai, Ci} C {Di}. Now denoting C2 ~ 01=0^ l"^"^/ — "^0 — ^n&n| and = 
ULi U|!rl|fcl]-i {a^I - < 6„, Af;_i G [/6„, (/ + 1)6„], M[^^ < TOO " we easily get that C2} C 

D2. Finally denoting C3 = V}fd\i]-i {^0 e [Z&n, {I + !)&„]}, ^3 = Uti Ul=i|fc',]-i U?i+[L] {^^I - "4 < &n, 
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e [lb„, {I + l)b.n], mo e Kj,b„{j + and noticing that {m^^^ < rho - l^bn, M[_^ € [/6„, (Z + 1)6„]} C 

{too > + Inbn}^ we get that {D2, C3} C Z^a. Moreover if we make a refinement of {Mi_i, too}, we get the 
points M[ and fh[ such that ^jq^/ — S"™' = max^:^, <ui<z<mo ~ S^), so D3 C ^2. Therefore we have : 

(A.22) Q[Ai] < Q[A2] + Q[Ct] + Q[C^] + Q[C!i] 

It is easy to see that {C^ C Ag}, {Cf C Aq} and C {toq — Mq > (logn)^(65cr^ log2 n)~^} so using Proposition 
13.231 and Lemma we have some upper bounds for the three last probabiHties of lA.221 
Now let us give an upper bound for (5[A2], first we introduce the following event, let s > 



(A.23) 



A3 — max max max i\Si ~ Sj\) < On, 

-([fe„] + l)fc„<m<([fc„] + l)fc„ m</<m+b„ m<j<m+t„ 



where gn = ((1 + s)32cr^&„ log fc„)^/^, we have 

(A.24) Q[A2]<Q[A2,A3]+Q[Al]. 

Applying inequality E31 (taking [L] + 1 = ([fc„] + 1)6„ and log-ftT = log(A;„)) we get that there exists ni 
ni{a, s, K, E [|eoP, C] ) such that for all n > ni 



(A.25) 



46„ 



max {Sz - Sni) < gn 

{i+l)b„<w<z<jbn 



We are left to estimate Q [A2, A3], we have 
(A.26) 

We remark that the event {maxif,„<^<2<jfc„ (5*2 — S^) < gn} is decreasing in j, so 
(A.27) 



[fe„]+i 

Q[A2,As] < Q 
i=-[fc„]-i 



[fe„]+i 

u 

] = l+lln] 



[fe„] + l 

Q[A2,A3] < J2 ^ 

i=-[fc„]-i 



max {Sz - Sio) < gn 

(l+l)b„<M><2<(i+[i„])6„ 



Denoting (a„ , n £ N* ) and {dn , n G N* ) two strictly positive increasing sequence such that [In] = dn 'x an we 
get by independence 



(A.28) 



[A2,A3] = 2([fc„] + 1) (Q [Sa„h„ < gn]f^^~' ■ 



Now applying the Berry-Essen theorem to Q [S'a„fc„ < gn] and choosing o?„ = —2 
that there exists 712 = n2(a, Eg [|eop]) such that for all n > n2 



(log(fc„+2)) 



we obtain 



(A.29) 



Q[A2,A3] < 



Finally, taking s = 4 and using IX2llX25l and r09l we get that there exists = n3(cr, k,Eq [|eoP] , C, 7) ^ 
ni V 712 such that for all n > 



(A.30) 



l0g2'^ 

logn 



1/2 



Collecting IA.22I and lA.301 we get I A. 181 Similar computations give lA.191 
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Corollary A. 3. There exists h > such that if \2.Sl [EM hold and for all k e]0, k+\ \2^ holds, for all -f > 
there exists no = no{a, E [|eoP] , C, 7) such that for all n > uq 



(A.31) 



(A.32) 



Q [r' < 2fc„ + 1] > 1 - /i 



f logs 
^log2n 



1/2 



-O 



Q[r < 2kn + l]>l~h 



logs" 
log2 n 



1/2 



-O 



l0g2"^ 

(log n) 1/33 ) ' 

log2 " 

(logn)i/33 J ■ 



r and r' have been defined section U7l\ and kn is given in\3.4\ 



Proof. 

This corollary is an easy consequence of lemma IXiTl the proof is omitted. ■ 
Minimal distance between two maximums (properties [3T2?I and lOT)]) 

Proposition A. 4. There exists h > such that if \2.'A WIA hold and for all k g]0, k~^[^^^ holds, there exists 
Uq = no{(T, K, E [|eoP] : E [eq] , C, 7) such that for all n > uq 



(A.33) 



(A.34) 



Q 



Q 



i=Q 
r'-l 



, , logo n 
>l-h[ —23— 
log2n 

loggn 



1/2 



4=0 



> l-h 



log2n 



-O 
1/2 



log2« 



where j{n) is given a the end of Definition \3.4\ and r( are given in \H.(\ 
Proof. 

Let us prove I A. 341 

To prove this proposition we will use the lemma IXITI Let n > 3, and 7 > 0, we recall the following notations 
6„ = [(7)^^^(logrilog2 n)^/^] + 1, fc„ = ((cr^i log n)^ log2 n)/6„. Let us denote 



(A.35) 
(A.36) 
(A.37) 
(A.38) 



r 

^ = n {-(^"' log")' log2 n<M[< (a-i logn)^ log2 n} , 

r' [fc„] + l 

^1 = U U {vn!, e Kj, 6„(j + 1)], A/; e [6„j, 6„(j + 1)]} , 

^2 = U U {M[ e Kj, 6„(j + 1)], G [6„j, 6„(j + 1)]} , 

i=ij=-[fc„]-i 



We have ^[^3] < Q[A3,A1,A] + Q[Ai] + QiA"], moreover A c Aq (seeEHIl and Ai c Ud [m^ - m ■ < 
therefore using Lemma 13.231 and the inequality IA.18I we get that there exists h > and ni such that for 

all n > ni, QiA^] < Q[A3,A1,A] + /i((log2 n)/(logn))i/2. Let us denote Lij{n) = maxb„j<fc<6„(j+i) {S]^) - 
T^^^b„j<i<b„(j+i) {Sr), define 



(A.39) 



[fc„]+i [k„]+i 
^4= U U {0<L,,, (n) <7(n)}, 

i=-lk„]-l 3=1+1 



by definition of the refinements we have M[ < M^j^i and S'j^^, > Sj^j,^^,yi < i < r'—l, therefore {A3, A\, A} C 
A^ then Q [A3, Aj, A] < Q [A4]. Finally, we get that for all n > 

(A.40) QlAs] < Q[A4 + h{{log^ n)/{logn))^/^ 
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Denoting 
(A.41) 

(A.42) 

we have that 
(A.43) 



[k„]+i [fe„]+i 
U U {0<^..,(")<7W}, 

i=-[fc„]-l ]=i+2 

Aq^ U {0<L,,,+i(n)<7(n)}. 

i=-[fc„]-i 



Q [A4] = Q [A,] + Q [Ag] 



Now we estimate the two probability Q [A5] and Q [Aq] in (respectively') lemma, a,nd IXfil For the proof of 
these lemmata we have used the paper in preparation of ICassandro et all |2fl04+j . 

Lemma A. 5. Assume \2.'A \2.'^ and \2.4\ for all j > there exists Uq = nf, (ct, 7, E [eg] ) such that for all n> n'^ 



(A.44) 



Q[A5] < 10 



TT ^ 1/2 7 log2 n 



([fcn] + 1)'/' 



where fc„ is given hy\3.4\ bn hii \,'^.S[ 



Proof. 

We have 

(A.45) 



[fe„] + l [k„] + l 



Now we give an upper bound for Yyi=o Y/j=i+2 Q [{0 ^ < 7(»^)}]- Denoting Zj+ij(n) = - I]/=h„(i+i)+i 

and y = - minib^<fe<(i+i)f,^ Lmtfe - maXjb^+i<fe<Q+i)b„ I]™=jf,^+i Cm, it is easy to see that for all i > 0, 
Lij{n) = {Zi^ij{n) + y)/(logn). Therefore we have 

(A.46) Q [0 < L,.j (n) < j{n)] = [ Q[0< Z,+^,j (n) - y < 7(71) log n, Y € dy] . 

Js. 

Zi+ij{n) and Y are independent so 

(A.47) / Q [0 < Z,+i,,{n) ~y< j{n) logn, Y e dy] < sup (Q [y < Z,+i^j{n) < j{n) logn + y]) . 
JR y 

To estimate this last term we use the following concentration inequality (see lLeCamI |l98(ll | pages 401-413) 

2(^)1/2 



(A.48) 



sup (0 [y < < 7(n) logn + y]) < 



V 



where Z^ = Z'^{^{n)) — J2'i=i ' E [l A H^] , Hg = , ^^ and ef = ei — e's, e'l is independent and identically 



Z 



distributed to e/. We have E [l A (i/s)^] > (7(n) logn)-2E {elfli>H, 



. Noticing that E 



(A.49) 



E 



we get by Schwarz inequality and Markov inequality 



> 2ct' 



1/2 



{etr (2a^)^/M(7log2n)-i 



We deduce that there exists ng = u'q ((7,7, E [eq]) such that for all n > u'q, E 1 A (i?s)^ > 3(T-^/(2(7(n) logn)^), 



therefore for all n > n'n 



(A.50) 



y/bn{j - » - 1) 



^ 2 7(n)logn 
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Inserting lA.5fll in IA.481 and n sing I A .471 and IX. 4fil we obtain for all n > Uq 
(A.51) 



^ r„ ^ / X / M f Sir \^^'^ 7(n)loffn 



1/2- 



Therefore, using IX75T1 for all n > ng we have 

[fc.]+i[fc„]+i ^ ^ . 1/9 1 

Making similar computations for the case i < we get a similar result, so we get lemma EH 



Constraint on /c„ and fe„ Now we can justify the choice for 6„ and fc„ , recalling that fc„ x &„ = (cr ^ log n)^ log2 n 
we want that 



(A.53) 



f- 



7]- \ 1/2 ^ log2 n 



be close to but 6„ small. Using that 5„ = [(7)^/2(logn log2 71)"^/^] +1, we get that there exists hi = hi{a, 7) > 
and n2 such that for all n > n2, 



(A.54) 



10 



TT ^ 1/2 7 log2 n 



(^) 



log2n 



1/2 



So using lA.,'T4l a,nd lemma IX?5l we get that there exists n[ = ^^(ct, 7, E[eo]) > nj, V n2 such that for all n > n[ 



(A.55) Q 



lk„] + l [fe„] + l , 

u u { 



max (5^) - max (S*,") < 7(71) 

6„j<fc<6„(j+l) b„J<i<b„0 + l) 



< hi 



\0g2n 



1/2 



_j=-[fe„]-ii 
Now we prove the following lemma 

Lemma A. 6. A .s.sum.p IE^ 1 2. S[ hold and for all k e]0, K+\ \2.4\ holds, for allj>Q there exists tiq = ?1o(ct,E [|eoP] 
E [eq] , C, 7) SMc/i that for all n > Uq 



(A.56) 

Proof. 

We have 

(A.57) 



Q[Ae] < 



(2[fc„]+3)(Iog2n)^/^ 



27- 



/ 167r\ 7 
^3^y CT(log2 n)3/2 



[fe„]+i 

U {0<Lm+iH<7N} 

= -[/c„]-l 



[fc„]+l 

< E Q[o<^M+iH<7W]- 

i=-[/c„]-l 



with 



Using the fact that we can write maxf,^(i+i)<;<b,^(i+2) (-S*") = X + maxb,^(,,+i)+i<i<f,^(i+2) (Z]L(,„(i+i)^ 

X e cr (ei, • • • ,eb„(i+i)) and Y = maxh^i<k:<b„{i+i) {Sk) G cr (ei, • • • ,£(,^(^+1)) we easily get by independence 
that 



(A.58) 



<9[0< L,,,+i(n) <7(n)] < sup Q 



X < max (Su) < X + j(n) 



replacing this in lA.571 we get 
(A.59) Q 



IK]+1 

U {0<L,,.+iW<7H} 

i=-[A:„]-l 



< (2[fc„] + 3)sup Q 



X < max (51?) < x + j(n) 
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To estimate sup^ [Q [x < maxi<A;<b„ (SJ!) < x + 'j{n)]) we remark that 



(A.60) 
(A.61) 
(A.62) 



Q 



X < max (SI':) < X + jin) 
- i<fe<b„ ^ - 



= Q 
= Q 



Ut <bn< U\ , . 



We have to estimate the two probabiHty in lA. fill and IA.62I We begin with lA.62l we remark that 



(A.63) 



from this we deduce by the concentration inequality (see equations IA.48I to IA.51|I that there exists 
713 (ct, E [eq] ) such that for all n > 



(A.64) Q 



< sup(Q[,<^r./.<y + 7H])<(^j 



Now we estimate the probability in lA.fill by the strong Markov property we have 



bn 

2 



11+ < _ r/+ 



> K 



(A.65) Q 

moreover x — y < 0, therefore Q 
(A.66) Q 



a;+7(»i)-a 



E 

>bn-l 



[U+ ^l,Siedy] 



x-rlynj — y — 



SO we get 



— 2 3;+7(n) — " 



< Q 



Kin) > bn/2 



To estimate this probability we use remark lB.32l a,nd lemma lR4l (taking c = 
and D — log n) , we get that there exists such that for all n > ha 

27(log2n)5/2 



7 iog2 " 

log 71 



, a 



logn(log2 n)^ 



(A.67) 



Kin) > bn/2 



< 



Inserting lA.fi4l and IA.67I in f resnectivelvl lA.fiTl a,nd IXfi2l and using lA.,'T9l we get for all n > 714 



(A.68) Q 



[fc.]+i 

U {0 < Lu+iin) < 7(71)} 

=-[fc„]-i 



< 



(2[fc„]+3)(l0g2 7l)5/^ 



27+ 



3ct^/ ^(loga 7i)"^/2y ' 



taking 71q = 713 V 774 we get Lemma FA.fil . ■ 

Recalling 13 . 31 and 13 . 41 we get from Lemma FA. 61 that for all k e]0, 7 > there exists tz" = 77" (ct, k,E [|eoP] 
E [ej^] , C, 7) > 77;; such that for all 77 > 77'/ 



(A.69) 



Q 



[fe„]+i 

U {0<Lm+iW<7W} 
,;=-[fe„]-l 



= o 



(log2 n) 



1+3/4 



(log 77)1/4 



To end the nroof of Pronosition lA.4l we collect lX69llA.55[r03l and finallv lA.4?il and we take tiq = ni\/n[Vn'{. 
We get IA.33l with similar computations. ■ 
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Distance minimal between the maximum and the minimum of one refinement (properties 13.281 
andESU 



Proposition A. 7. There exists h> such that if \2.iA IK1J\ hold and for all k g]0,k+[ 
there exists uq = nQ{a, E [|eoP] : E [^o] ' ^- 7) ^^c'* ^^^'^^ f^'"' '^^^ n > uq 



(A.70) 
(A.71) 



Q 



V-l 

Pi {Si+l.^+l > 7("-)} 



,1=0 
r'-l 



n {^:+i,,,+i>7H} 



>l-h 



logs" 



1/2 



/I \ 1/2 

/ logs n ^ 
Vlogjn 



-O 



1 



O 



log2n 
1 



log2 n 



where j{n) is given at the end of Definition\3.4[ S,^, and S' are given in \S.f\ 



Proof. 



holds, for all J > 



First we remark that by construction the event > 7(^1)} decrease in i, so Q Hi^o ^ 7(")} 

Q [Sr,r > 7("-)]) then we use the same method used to prove Proposition IA.4I ■ 



Minimal distance between a minimum and Srho ^properties 13.291 and l.3.32j> 

Proposition A. 8. There exists h> such that if \2.'A IK1J\ hold and for all k £]0, k+[ holds, for all j > 
there exists uq = no{a, E [|eoP] 7 E [eq] , C, 7) such that for all n > uq 



(A.72) 
(A.73) 



Q 



J=o 

■r'-l 

fl {/4+i,o>7N} 



> l-h 



> l-h 



logs" 

log2" 

logs" 

l0g2" 



1/2 



O 



log^n 



1/2 



\0g2n) ' 



where j{n) is given at the end of Definition \S.4[ and /i'^ are given m l.V. 61 

The proof of this proposition is similar to the proof of Proposition IA.4I and is omitted. 

Control of the first and the last refinement (properties I3.33L I3.34L 13.361 and I3.35|l 

Proposition A. 9. There exists h> such that if \2.Sl hold and for all n €]0, K^\ \2.4\ holds , for all j > 

there exists no = no{a, E [|eoP] , E [eg] , C, 7) such that for all n > no 



(A.74) 
(A.75) 
(A.76) 
(A.77) 



Q[SiA < l-7(")] >l-h 



Vlog2n 



1 



logan 
1 



where j{n) and g„ are given at the end of Definition \3.4\ 
Proof. 

Let us Drove rA.74l by construction < l+^{n). So we have to prove that the event —^{n) < (5i,i — 1 < 7(^1) 
has a probabiHty very near 0, to do this make we make use similar computations used to prove Proposition ^3 
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A similar remark work for IX 



Let us prove I A. 761 by construction we have 

(A.78) 
(A.79) 



Mq < Mr < Mo, 

Mr — rflQ < In X bri 



Using IX?78l and proposition we know that there exists ni = rti (^a,¥. {eol 



such that for all n > ni 



-l\l/2 



(A.80) Q -ia^Hognflog2n< Mr < {a^^\ognflog2n > 1 - ft. ((logg n)(log2 n)"^) 

Let us make the following chopping [{cr~^ logn)^ logj n + l] = b'^^x k'^ with 5'j = [Z„ x 6„] + l, we have (5^,0 > Sr,r, 
therefore, denoting L'( 



— ((7 ^ logn)^ log2 n < Mr < ((T ^logn)^log2n 
and Too — Mr < In xbn- 



(A.81) 

From this a,nd IA.80l we deduce that for all n > ni we have 

(A.82) Q [5r,r < L'{7i)] > 1 - /i ((log3n)(log2n)-^)^''^ 



=^ Sr,r < Sr,0 < L' (n) . 



[L]- 


h 1 = 







(A.83) 



L'in) > iil + s)32a%\ogk'„y^' 



O 



(log n) 1/66 



Using EH and EHHl we get that for all n > 



n2 



(A.84) Q [SrA^ogn) < {WOaXlogk'j'/'] >l-h ((logg n)(Iog2 ny^f O (^Jg^^ 

Moreover we remark that there exists = (cr, s, k) such that for all n > 

(A.85) WOa^b'^logk'^ < {200af{jy/^{log2ny^^{\ognf^^. 

We get IA.761 taking no = ni V ^2 V ng. Similar computations give the result for 6'^., ■ 

Proof for the property 13.241 

Lemma A. 10. There exists h > such that if \2/A \2.S\ hold and for all k e]0, K^\ \2.4\ holds, for all j > there 
exists uq = no(7, cr, E [|eoP]) such that for all n > uq 



(A.86) 
(A.87) 



Q 



My > Too + Ln 
M< <rho - Ln 



< h 




l3n\ 








Vloj 




< h 












Vloj 


l2n) 



1/2 



1/2 



see \S.15\ for the definitions of M^ and M^ and Definition \3^ for Ln one. 
Proof. 

Denote f{n) — (log((7„(logn)'''))/(logn), where g„ is given at the end od Definition 13.41 we have 



(A.88) 
(A.89) 



M> > mo + Lr 



Q [inf {m > mo, - S'^^^ > f{n)} > mo + L„] 
Q [inf {m > mo, 1^;^ - J > f{n)} > mo + Ln] , 
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because mo is a minimizer of the valley {Mq^itio, AIq} and by definition Mq > My. Using Proposition 13. 11 we 



know that there exists ni = ni |^cr, E |eo| 



such that for all n> ni 



(A.90) 

so for all n > rii 
(A.91) 



Q [-{a^^ \ognf log2 n < mo < (ct^^ logn)^ log2 n] > 1 - h [ 

iOg2 ^ 



1/2 



Q [inf {m > mo, 1^;^, - S'^J > ,f{n)} > mo + 

[(cr-i lognf log2 n] + l 



(A.92) < Q[inf{m>fc, >/(«)}> fc + i„]+/i' 



fc— — [(cr ^ log n)2 log2 n] — 1 

We get that for all n > ni 

Q [inf {m > mo, l^^^ - ^^^.ol > /(^)} > + 



1/2 



(A.93) 



< 2{[{cT-Hognflog^n] + l)Q 



1/2 



Applying inenu alitv IB . 1 81 we get that there exists n2 = n2 (^cr,E |eo| 



\log2 

such that for all n > n2 



(A.94) 



Q 



^f(n) ^ Kin) ^ ^» 



1 



logn 



Replacing this in lA.93l and using IX!89l we get IA.86I taking no = ni V n2. The proof of lA.87l is similar. 
Proof of Proposition IsTgI 



We only have to collect the result s of the Lemmata ITfil IB. 31 and lA.lDI of the Propositions lO FOl IA.7I IA.8I 
and lA.fll and of the Corollary EiU 



B 



Standard results on sums of i.i.d. random variables 



We recall that for all k e]0, C = C{k) = Eg [e"'"] V Eg [g-'^'o] < +oo. 

In this section we recall some elementary results on sums of i.i.d. random variables satisfying the three hypothesis 
12.21 12.31 and 12.41 We will always work on the right of the origin, that means with (S'm,m G N), by symmetry 
we obtain the same results for m £ Z_ . 



The following lemma is an immediate consequence of Bernstein inequality fsee lR,envil 197(lj l. 

Lemma B.l. A.s.svme. \2.Sl \2.S\ hold and for all k gjO, k+[ \2.4\ holds. For all q > and p > such that 
q < {a'^p) A {a^p/{2C)) we have 



(B.l) 



Q[|5,|>,]<2cxp^^(l-|^) 



For all p > 1, s > and k > 1 such that logfc < (1 + s)32a^p, for all < j < p we have 



(B.2) Q \Sp -Sj\> (32(1 + s)a^p\ogk) 



1/2- 



< 2 exp < — log k 



(p-j) logfc (p-j)(logfc)3/2C 
(1 + s)64p ((1 + s)32cr2p)3/2 



The following lemma gives an upper bound to the largest fluctuation of the potential (5^, r e R) in a block of 
length S of a given interval. 
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Lemma B.2. ^.s.swmfi Fg.M hold and for all k gjO, holds. For all s > 0, all integers K > 1 and 
B > 1 such that logK < a'^n'^B we have 



Q 



max max max (\Si - S A) > ((1 + sma^B log K)^/^ 

-K-l<i<K iB<]<{i+l)B iB<l<(i+l)B 



(B.3) 



< 2i^-(^-'^«i°s^")/^)''') (1 + O {Hk.b)) 



where Hk,b = /s:-(i-i/64-o((iogK)/s)i/^) p^^, allL>l, K> 1, all integers B > 1 such that [L] + 1 ^ K x B 
and all s > such that \ogK < (1 + s)32a'^ <t'^ k'^ B , we have 



Q 



max max max (\Si - SA) > ((1 + s)32a^ BlogK)^/^ 

-[L]-l<m<[L] + lm<l<m+B m<j<m+B 



(B.4) 



< 2{B + i)i^-(^-o((iogK)/s)V2) ^ ^ ^Hk,b)) . 



Proof. 

Let us prove IbTsI let s > 0, A' > 1 and B > 1 two positive integers, denoting q — {{1 + s)32(T-^_Blogi4')^/^. 
Using the fact that (ai,i G Z) are i.i.d. we get 



(B.5) Q 



max max max {\Si — SA) > q 

-K-l<i<K -iB<]<(i+l)B iB<l<(i+l)B 



<l-[l-Q 



2 max (IS", I) > q 

l<j<B ■' 



2K+2 



By Ottaviani inequahty (see for example iBreimaiil |l96j^ page 45) 

Q[\SB\>q/^] 



2 max (IS', I) > q 
i<j<B ■' 



< 



l-SUPi<,<B {Q[\SB-Sj\>q/4])- 



(B.6) 

Using E31 we have 

(B.7) Q[|5b| >'7/4] <2exp{-logif (l + 5-0((logX)/B)^/')} 



Similarly, using IB. 21 for all X > 1 such that log-fC < (1 + s)32a^K^B, we have 



(B.8) 



sup Q[\Sb-Sj \ >q] < 2K 

0<j<B 



-{l-l/6i-0{{logK)/B)^/^) 



Therefore, inserting IbTtI and lR8l in we get for all AT > 1 such that log K < (1 + s)32(7^k'^B 



(B.9) Q 



i max (ISjl) > ((l + s)32(T2Bl0gX)l/2 



l<j<B 



< 



where Hk,b = /-i:-(i-i/64-0(iogif/B)i/^)_ inserting EH in EH and noticing that [\ - xf > \ - ax for all 
< a; < 1 and a > 1 we get El 

Now we prove IB. 4l let L > 1, B > 1 an integer and K > I such that [L] + 1 = if x S, we have [K] x B < 
[L] + 1 < {[K] + 1) X we remark that 



(B.IO) 
(B.ll) 

therefore we have 
(B.12) 

< {B + l)xQ 
(B.13) ((1 + s)32CT^BlogA')i/2 

Using El we obtain El ■ 



max max max (IS"; — SA) 

-[L]-l<m<[L] + lin<l<m+B m<j<va+B 



< max max max max ( I — 5, 1 ) , 

0<q<B -[K]-l<i<[K]-liB+q<l<{i+l)B+qiB+q<j<(i+l)B+q 



max max max {\Si - Sj\) > {{1 + s)32a^B log K)^^^ 

L<m<L rn<l<ni-\-B m<j<rn-\-B 



max max max (\Si — Sj\) > 

-[K]-l<i<[K]-l iB<l<(i+l)B iB<j<{i+l)B 
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Lemma B.3. Assume that for all k e]0, k^\\2.4\ holds, for all integer L > and all D > we have 



(B.14) Q 

(B.15) Q 

moreover if D > 2^+*^/^ 

(B.16) Q 

(B.17) Q 



max (A/aO < i?^/" 

~L<i<L 

max (a,/ Pi) < i?^/" 

~L<i<L 



max (1/ai) < D'^^" 

-L<i<L 



max < L*^/" 



> I- 0-^^(21 + 1)Eq , 

> 1 - D-^{2L + 1)Eq [e^'^'o] 

> l-D"^2''(2L + l)EQ[e''"'] , 

> 1 - D-^2'^{2L + 1)Eq [e-''^°] 



Proof. 

This lemma is a simple consequence of the fact that the random variables (a.;, i e Z) are i.i.d. ■ 
R.ecalling lA.ll and lA.2[ we have : 

Lemma B.4. Assnm,e [EM \2.Si and \2.4\ Let k e]0, fc+[, a > 0, c > and let us denote d = aV c. There exists 
no EE riQ (^a,E |eo|^ 



such that for all n > uq, L > (^('^'"g")) — 1_ ^ Qjif} D > I we have 



(B.18) 
(B.19) 

(B.20) 

where qi = 0.7 - 



Q [U- A U+ >L]< 2q[ 



(2(dlogn))'^ + o 



Q [U- < U+] < 

Q [u- > u+] < 



1 



c + a 
1 

c + a 



\ogn J ' 

Hd_ 
logn 



3,75Eo[|£o|^ 
{d log n)i7'^ 



< 1 anrfi7rf = ((Zi <^<^^^^^^»^)/(l-qi) + (61ogi?)/K+(L3/2(C)i/2^)/i^3. 



Proof. 

We have 

(B.21) 
Let b = 



Q[U-AU+>L] < Q[U-AU+>L] 



max IS"/! < (dloen) 

0<1<L 



(2(rflog»))" 



1, for all L > there exists k = k{b, L) such that kxb<L<bx (fc + 1), let us denote 



[k] the integer part of k, we easily get that 



(B.22) 



Q[U-AU+>L] < 



Sb 



ab^/^ 



< 



2 (d logn) 



cr6i/2 



[k] 



Now we use the Berry-Essen theorem (see lChow and Teicherl |l997l | page 299), we get 



(B.23) 



Q 



Sh 



ab^/^ 



< 



2 (d logn) 



<2I e- ,3J5E,[\.,\^] 



(dlogn)a-^ 



Moreover 2 ^^dx < 0.7, therefore, using lR22l and lR23l we get lBlSl 

To nrove lB.fgl we use Wald's identity fsee iNeveii ,1972j ) for the martingale (5", t £R) and the regular stopping 



time U = U- AU+. Using that Eg [S^}] = and Eg {s"^. + a) Ijj- <ui 



< we get that 



(B.24) 



Q[U- <Ut] < 



c + a c + a 



(5"+-c)V 



U^<Ua 
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We have 
(B.25) Eg 



'^)'^U+<U- ,U>[L] + 1 + (5'^;+ ^)'^U+<U- ,U<[L] + 1 



For the second term on the right hand side of IB. 2 51 noticing that (5" — c)ljj+ ^rr- - < 
have 



we 



(B.26) 



(5*^+ c)iu+<U- ,U<[L] + 1 



For all £> > 1, we have 

1 r 



U+<Ua ,U = l 



< 



1 



logn;^ 



logn^ 



UJ<Ua ,;7=i,maxi<j<[i,j(ej)<| logZJ 



(B.28) 
(B.29) 



1 



< 



eiogZ) ct[li r . . 6 



max (e, ) > — logZ? 



1/2 



K log n log n 

where we have used that for the sum in the right hand side of lB.271 the are bounded by f log D and for the 



sum lB.28l the Cauchy-Schwarz inequality. To end we use IB. 141 for all D > 2^+*^ 

6\ogD 



(B.30) 



Ec 



(■^[7+ ^)^U+<U- ,U<[L] + 1 



< 







y/2 


log n 



K log n 

For the first term of the right hand side of lB.251 using Cauchy-Schwarz inequality we get 



(B.31) 



E, 



Q 



a/2 



i=[L] + l 



then, to estimate, Q[U > i] we use lB.181 Collecting what we did above we eret lB.l 

We use the following notation Q[.\So = y] = Qy[.] {Q[.\Sq = 0] = Qa[-] = Qi-]) 
Remark B.5. • For all a > 0, > and / > we have 
(B.32) Q [U+ >1]<Q [U+ AU->l]+Q [U+ > U'] . 
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